WTC SOLUTIONS TO A GENERALIZED NONLINEAR 
SCHRODINGER EQUATION 
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Abstract. A generalized nonlinear Schrodinger equation admits WTC formal 
solutions as was shown by Clarkson. We show that they are convergent and 
determine real-analytic solutions near a noncharacteristic, movable singularity 
manifold. 



1. Introduction 
We consider a generalized nonlinear Schrodinger equation 

(1.1) iut + Uxx — '2\u\'^U' + a{x,t)u 

in an open set of j. Here a{x, t) is a real-analytic function of the form 

(1.2) a{x,t)^x' (^q{t)-q{tf^ + xpi{t) + po{t) + iq{t) 

with real-valued real-analytic functions po{t) , pi{t) and q{t) in an open interval /. 

Clarkson ( [2] ) constructed a family of formal solutions in the form of a Laurent 
series (WTC expansion as in [H])- Let ip{t) be an arbitrary real- valued real- analytic 
function in I and set '^{x,t) = x + ip{t). Then he found formal solutions in the 
form 

oo oo 

(1.3) u(a;,i) = ^Uj(i)*(x,t)J'"i = uq ^ 0. 

3=0 j=o 

Its convergence is not discussed in [5]. In the present paper, we shall show that 
this series is convergent and determines a real-analytic solution. It is singular 
along the curve T, = {{x,t); t e I, 5'(a:,<) = 0}. In Painleve parlance ([1]), it is 
a noncharacteristic, movable singularity manifold. The convergence of WTC or 
related solutions is also discussed in [3], [3], [5], [5], [7], [5], [S], [H] and [T3j. 
Our main result is the following: 

Theorem 1.1. For any il){t), there exists a family o J real- analytic solutions u{x,t) 
of the form (|1.3p in W\'E,. Here W — W{u) is an open neighborhood ofY, depending 
on u and the sum X]^o converges locally uniformly in a complex neighborhood 

ofW. The 0-th coefficient uq is an arbitrary constant whose absolute value is 1 and 
the imaginary parts of u^uq and iu^UQ are arbitrary. 

Remark 1.2. The real parts of u^uq and iu^UQ have to satisfy (|2.5p and (|2.13p below 
respectively. 
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(2.1) 



2. Formal solutions 
Following an idea in we introduce a system of nonlinear equations: 

j iut + Uxx — 2u'^v + au, 



-ivt + Vxx = 2mu^ + au, 



where a = a{x, t) is the complex conjugate of a{x, t). li u — v holds, then u solves 
()l.ip . We shall construct formal solutions (m, u) to (|2.ip satisfying 

• do]) and v{x,t) = Y.'^=QVj{t)^{x,ty-^, vq 0, 

• = f'j (i > 0)- 

Basically it shall be just a review of [2j, but we shall lay greater emphasis on 
complex conjugacy. 

Comparing the coefficients of 4'^'^ in ()2.1|) . we find uqVq — 1. Combining it with 
"So = I'D: we get |wo(i)| = ji'olOl = 1- Maximum Principle implies that uq and vq 
are constants. 

By elementary computations, we obtain 

oo oo 

i=3 j=i 



+ 2uo^-^ + - l)(j - 2)u,*J"3, 

oo oo 
-IVt + Vxx = ^(-^-2)*'"' + Y.^~^){J - 2)«,_i^''J'J'-3 

i=3 i=i 

OO 

+ 2i;o*~' + Y.^] - m - 2)v,^^-\ 

3=3 

oo oo 

Here (by uqVq = 1) 

^o(m, u) = 2uoi Ai{u,v) = iui + 2uqVi 

and, when j > 2, 

Aj{u,v) — Auj + 2uQVj + Bj{u,v), Bj{u,v) = 2uaUpv^. 

The triple (a, 7) ranges over S{j) — {(a, /3, 7); a + /3 + 7 = j and a, 7 < j} 
in the sum defining Bj{u,v). Note that Nj = cardS'(j) = (j - l)(j + 4)/2. By 
symmetry, we have 

00 

The potential a{x, t) is a polynomial in x of degree 2 and is expanded in the form 
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Then we have 

oo min(j-2,2) oo min(j-2,2) 

j=2 k=0 j=2 k=0 

By equating the terms for j = 1, we get 

{-iuQ%l)' = Aui + 2uqVi, 
ivQtp' = Avi + 2uiVq. 

Set ip{t) = iip' /2 (purely imaginary). Then we have 

ui{t) = -uoip{t), vi{t) = voip{t). 

It immediately follows that ui = vi, uivi = —(p^, uiVq — —ip, uqVi = ip. 
By equating the terms for j = 2, we get 

{0 = 4m2 + 2ulv2 + 4:UoUiVi + 2ulvo + gqUo, 
= 4d2 + 2u2Vq + AuiVqVi + 2uovl + aoVQ. 

It follows that 

(2.2) U2 = ^(2(^2 _2ao + ao), V2 = ^{2^^ + ao - 2do)i= U2). 

6 6 

Later, supplementary formulas like 

U2V0 = 7r(2(/3^ - 2ao + qq), U1V2 = l:(p{-2ip'^ - oq + 2ao) 
6 6 

shall be useful. 

We encounter a resonance at j — 3. We get 

{iu[ + iu2ip' + 2u3 = 4m3 + 2^0-^3 + -63(7/, v) + aoui + aiua, 
—iv'i - iv2'>jy + 2v3 = 4w3 + 2ii3UQ + i?3(w, u) + aovi + aivo- 
Multiplying these equations by vq and uq respectively, we obtain 

(2.3) -2W3W0 - 2moW3 = -iu[v() - iu2VQil}' + VoB^iu, v) + aoUiWo + ai(= '^i), 

(2.4) -2M3-yo — 2uoW3 = iuov[ + iuoV2i'' + uoB3{v, u) + aouovi + ai(= r2)- 

The left hand sides coincide. Let us prove that the compatibility condition ri — 
is satisfied. By using uqVi + uiVq = 0, we obtain 

Bslu, v) = 4:UoUiV2 + 4uoM2Wi + 4miM2Wo + 2u^wi, 

VqE^^U, v) = AiuQV2){uiVo) + ■i{u2Vo){uoVi + UiVq) + 2{uiVo){uiVi) 

= 4(uoW2)(tiii'o) + 2{uiVq){uiVi) = iuiVQ){AuQV2 + 2uivi) 
/2 2 2 4_ 

Therefore we have 

n — -~iu[vQ — 2u2VQip + voBy,{u, v) + aouit^o + ai 

/ ^ /^l 9 1 1- \ /2 2 2 4_ \ 
^ip -2p\ -p- - -ao + -ao \ + p \-p - -ao + -ao I - a^p + ai 

= ip' ~ aop + dop + Oi. 

We see that ri is real- valued because ai{t) — da/ dx\,j.^_^(^t) G R- We have ri 
fi — r2. Therefore (|2.3p and p.4p are compatible. 
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If we assume U3 — V3, then ()2.3p becomes 

(2.5) — 4Re (usVq) = iip' — agip + dotp + ai(e M). 

It has infinitely many real-analytic solutions. 

We encounter another resonance at j = 4. We obtain 

iu'2 + 2iU3'ip' + 6U4 = 4-U4 + 2UqV4 + i?4(u, v) + X]fc=o °'kU2-k, 

-iv2 - 2iv'iip' + 6t;4 = 4w4 + 2uavI + i?4(w, u) + Z]fc=o ^kV2~k- 

Multiplying these equations by vq and uo respectively, we find that 

2 

-mjWo - 2iu3Votp' + voBi{u, w) + ^ afeU2-feWo(= Rl), 

fe=0 

2 

moW2 + 2iu(iV3il:' + uiiBi{v, u) + ^ afcUoW2-fc(= R2). 

fe=0 

The left hand sides coincide up to the factor —1. The compatibility condition is 
that the sum of the right hand sides is 0, that is, Rl + R2 = 0. We shall show that 
it is indeed satisfied. 

Since —U2Vq + uqV2 = \ao ~ ^aoj we have 

(2.8) - m2Wo + «uoW2 = -(ao - ao)'- 
Next, we calculate the part involving B4. We have 

B4{u, v) = 2UaUpV^ 
S(4) 

= 2{2uauivz + 2U0U3V1 + 2uiU3t;o + 2uoU2V2 + u^vo + u\v2 + 2uiU2Ui). 
Therefore, by using uqVi + ui^o — Oi we get 

(2.9) voBiiu, v) ^A{uoV3){uivo) + A{u3Vo)iuovi + uivq) 

+ 4(u2^'o)(uot'2) + 2(m2Wo)^ + 2{uiVo)iuiV2) + 4(u2i'o)(uiWi) 
= - 4:tpuoV3 + 4(^i2^'o)(^io^'2) + 2(u2t'o)^ - 2ipuiV2 ~ 4:ip'^U2Vo- 

Its complex conjugate is uqB^^v, u) and ip is purely imaginary. So we find that 

(2.10) uoBi{v, u) = Aipu^VQ + ^{u2Vo){u(iV2) + 2(1*0^2)^ + 2ipu2Vi - 4:ip'^uoV2- 
Since —2iu3VQ^' + 2iuQV3'ip' = Aipl—u^VQ + UQfs), we have 

(2.11) — 2iu3Vail^' + 2iuoV3ip' + VQBi{u, v) + ui:iBi{v, u) 
=S{u2VQ){uaV2) + 2(M2t;o)^ + 2(^0^2)^ 

+ 2lp{-UiV2 + U2V1) ~ 4:Lp^{u2Vo + UQV2) 



(2.6) 2u4i;o — 2uof4 = 

(2.7) — 2U4W0 + 2Mof4 = 
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Last, by using ai — ai, we can show that 

2 2 

(2.12) akU2-kVo + akUQV2-k 

fe=0 k=0 

— aoU2Vo + ai{—ip) + a2 + aouoi'2 + aiip + 02 
= aoU2Vo + aoUoV2 + fi-ai + ai) + (02 + 02) 

/ - N 1 2 1 I l2 1-2 

^ -^[ao+ ao) - -^ao + -^\aa\ -^ao + a2 + a2- 

By ^;E\), (PH]) and ([^1^ . we obtain 

i 1 
Rl + R2 = -(ao - So)' - ^("o - ao)^ + 02 + 02. 



Under the assumption p.2|) . the compatibihty condition Rl + R2 = holds. Com- 
bining it with Rl = R2, we find that Rl is purely imaginary. 

We require M4 — V4. The condition to be satisfied by U4 is p.6|) . that is, 

2 

(2.13) 4ilm (U4W0) = —iu^Vii — 2m3WoV'' + voB4{u, v) + afcW2-fcWo = Rl- 

It has infinitely many solutions. 
When J > 5, we have 

where we set 

2 

Fj = Bj{u,v) ~ iu'j_2 ~ i{j - 2)uj_i'(/'' + ^ akUj-k-2, 

k=0 
2 

Gj = Bj{v, u) + iVj_2 + i{j - 2)vj-i-ip' + ^ akVj-k-2- 

k=0 

The matrix is invertible (that is, there are no more resonances) and 
where 

M 1 ff - 3j - 2 2ul \ ^ (5, 

' ^ ij + mj m - 4) I H f 3j -2j- [e'^ S, 
Lemma 2.1. If Uj — Vj {j < 4), then we have Uj — Vj for j > 5 as well. 

Proof. It can be proved by induction. Note that Fj — Gj holds. The complex 
conjugate of Bj{u, v) is Bj{v, u). □ 

3. Estimates in the complex domain 

To show the convergence of the series in (11.31) , we shall prove some estimates on 
Uj. They shall be derived in the complex domain, rather than in the real domain, 
since Cauchy's estimate and its variant due to Nagumo work in the former. We 
shall "escape" to a complex neighborhood and then come back to R^, where u — v 
and pTT|) holds. 
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The function d{x, t) is real-analytic and we can extend it to the complex domain 
as a holomorphic function. Note that its value is not generally the complex conju- 
gate of a{x,t). (If X is real, the complex conjugate of ix is —ix^ but for a complex 
number z, the conjugate of iz is not —iz). Nevertheless, by abuse of notation, we 
denote by a = a{x,t) the holomorphic function obtained in this way. Here x and 
t are complex variables. By this convention, the system (|2.ip can be considered in 
the complex domain. 

All we have to is to find a family of holomorphic solutions (u, v) to (|2.ip such 
that 

• u has the form (|1.3p . and v has a similar form v — X]^o '^'j^''^^^ vq 0. 

• u — V if X and t are real. 

Let J C K be any open bounded interval whose closure J is contained in /. Let 

be a bounded domain of Ct containing J C M C C. For a point i G il, we denote 
the distance from the boundary oi H. to t hy d — d{t) . 

Fix iio,U3 and U4. Then all the other coefficients are determined. By shrinking 
fl if necessary, we can assume that Uj,Vj (j < 4), ■0',poj?'i and q are holomorphic 
in a neighborhood of the closure of 17 and hence are bounded in J7. In particular, 
there exists such a constant M > that < M holds on fl. Moreover, all the 
other Mj's and u^'s are holomorphic in the same neighborhood, and each of them is 
bounded on f2, although they are not necessarily uniformly bounded. 

Now we have: 

Proposition 3.1. There exists a positive constant C such that for j > we have 

on n. 

Proof. Note that |uo| = \vo\ = 1. 

There exists a positive integer jo > 5 such that j > jo implies 

< 6jNj < 3/5, < Sj{{j + M{j - 2) + 1} < 1/5, 
< e^Nj < 1/10, < ej{{j - I) + M{j - 2) + 1} < 1/10. 

If C(> 1) is sufficiently large, we have 

\ak{t)\ <C(fc = 0,l,2), 

ed{t)/C^ < 1, d{t)/C < 1, d{tf/C < 1/3, d{tf/C^ < 1/3, d{tf/C^ < 1/3 



on n. Then (|3T]) holds if j < jo. 

Now let us prove (13. ip by induction on j. Assume that the inequality ()3.ip holds 
for uo,vo, . ■ . where j is some integer with j > jo. From now on, we 

only discuss Uj, since Vj can be estimated in the same (symmetric) way. 

If (a,/3, 7) e S{j), we have 

C" CT 

\UaU/3V^\ < 



d{t)" d{tY d{tp d{ty 
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Therefore 
(3.2) 



\5jBj{u,v)\ < 5.jNj ■ — — < -- 



d{ty - 5 d{ty ■ 

In order to estimate Uj_2j we employ Nagumo's trick ([10]). For i e fi, we have 
\uj^2{t)\ < C^~2^(^)-0-2) pj^ gQ^g ten and let Ft be the circle {s e \s-t\ = 
d{t)/{j - !)}• If s e Ft, then d(s) > (j - 2)d{t)/{j ~ 1) and 



|mj-2(s)| < CJ'-2d(s)-0-2) < c^- 



2 ^ i~2 

J-1 



d{t) 



-0-2) 



< 



d(i) 



i-2 • 



By Cauchy's estimate (with the path Ft) and the assumption ed{t)/C'^ < 1, we 
obtain 



\<-2{t)\ < 



<j - i)c^-^ / (j - 1)C^ 



dity 



< 



d{ty 



Moreover we have estimates 



|(,-2).,WI<(.-2)^<M0--2)-|;-, 



fe=o 



< C 



< 



d{ty 



Therefore we have 



fe=0 



<<5,{0--l) + M(j-2) + l} 



< 



1 



d{ty - 5 d(t)J 



A combination of this estimate with (|3.2p yields 

4 

(3.3) \S,F,\ < 
In the same way, we obtain 

(3.4) \e 
By using p.3p and p.4p . we have 



5 d{ty 



5d(ty 



and induction proceeds. 



□ 



The series in (|1.3p is convergent if |^'(a;,t)| < d{t)/C. Since the interval J is 
arbitrary, the proof of Theorem 11.11 has been completed. 
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